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ON A CONJECTURE OF CIGLER
D. STANTON
Abstract. A conjecture of Cigler which realizes normalized q-Hermite poly-
nomials as moments is verified.
1. Introduction
The q-Hermite polynomials Hn(x|q) may be defined by
Hn(x|q) =
n∑
k=0
[
n
k
]
q
e−i(n−2k)θ , x = cos θ.
(We have used the standard notation for q-series given in [2] and [3].) In [4, Th.
4.1], four moment representations are given for four different normalizations of these
polynomials
Hn(x|q),
Hn(x|q)
(q; q)n
,
Hn(x|q
2)
(q; q)n
,
Hn(x|q
2)
(−q; q)n
.
Four other moment representations are alluded to at the end of Section 4 of [4],
H2n(x|q)
(q2; q2)n
,
H2n(x|q)
(q; q2)n
,
H2n+1(x|q)
(q2; q2)n
,
H2n+1(x|q)
(q3; q2)n
.
Cigler [1, Section 3.4] conjectured that the 6th and 8th of these moment se-
quences may be combined into a single moment sequence
µn = Pn(a) =
1
(q; q2)[(n+1)/2]
n∑
k=0
[
n
k
]
q
ak, n ≥ 0
for a specific set of orthogonal polynomials. In this short note we prove Cigler’s
conjecture.
2. The conjecture
First we define a set of monic orthogonal polynomials sn(x) via a three-term
recurrence relation.
Definition 2.1. Let sn(x) be monic polynomials in x defined by
sn+1(x) = (x− bn)sn(x)− λnsn−1(x), n ≥ 0, s0(x) = 1, s−1(x) = 0,
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where
bn =−
(1 − q)
(1− q2n+1)(1− q2n−1)(1 + a)
×(
a
(1− q2n−1)(1 − qn+1)(1− qn)
1− q
− qn
(
1− qn−1
1− q
+ qn+1
1− qn
1− q
)
(1 + a)2
)
, for n ≥ 0 even,
bn =
(1− q)
(1− q2n+1)(1 − q2n−1)(1 + a)
×(
a
(1− q2n+1)(1 − qn−1)(1− qn)
1− q
− qn+1
(
1− qn
1− q
+ qn−2
1− qn+1
1− q
)
(1 + a)2
)
, for n ≥ 1 odd,
λn =
qn(1 + a)2(1− qn−1)(1 − qn)
(1− q2n−1)2
, for n ≥ 1 even,
λn =−
(a+ qn)(a+ qn−1)(1 + aqn−1)(1 + aqn)
(1 + a)2(1− q2n−1)2
, for n ≥ 1 odd.
Definition 2.2. Let L be the linear functional on polynomials in x given by
L(1) = 1, L(sn(x)) = 0, n ≥ 1.
Cigler [1, Section 3.4] conjectured
Conjecture 2.3. (Cigler)
L(xn) = Pn(a).
3. The proof
To prove Conjecture 2.3, we give another basis for polynomials which has an
explicit L value.
Proposition 3.1. Cigler’s conjecture is equivalent to
L
(
n−1∏
i=0
(x2 − a2q2i)
)
=
(−a; q)2n
(q; q2)n
,
L
(
x
n−1∏
i=0
(x2 − a2q2i)
)
=
(−a; q)2n+1
(q; q2)n+1
.
Proof. We show that L(xn) = Pn(a) implies the L values which are given in Propo-
sition 3.1. Let ǫ = 0 for the first case and ǫ = 1 for the second case. Expanding by
the q-binomial theorem we see that
L
(
xǫ
n−1∏
i=0
(x2 − a2q2i)
)
=
n∑
k=0
[
n
k
]
q2
(−1)ka2kq2(
k
2
)L(x2(n−k)+ǫ)
=
n∑
k=0
[
n
k
]
q2
(−1)ka2kq2(
k
2
) 1
(q; q2)n−k+ǫ
2(n−k)+ǫ∑
s=0
[
2(n− k) + ǫ
s
]
q
as
=(q2; q2)n
2n+ǫ∑
p=0
ap
(q; q)2n+ǫ−p
[p/2]∑
k=0
(−1)kq2(
k
2
)
(q2; q2)k(q; q)p−2k
=
1
(q; q2)n+ǫ
2n+ǫ∑
p=0
ap
[
2n+ ǫ
p
]
q
q(
p
2) =
(−a; q)2n+ǫ
(q; q2)n+ǫ
.
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The k-sum was evaluated by a limiting case of the q-Vandermonde sum, and the
p-sum evaluated by the q-binomial theorem, see [2, Appendix]. 
Because we know the values of L(sn(x)), if we can expand
∏n−1
i=0 (x
2 − a2q2i) in
terms of sn(x) we can verify Proposition 3.1. The next Proposition accomplishes
this task.
Proposition 3.2. For any non-negative integer n,
n−1∏
i=0
(x2 − a2q2i) =
2n∑
k=0
a
(n)
k s2n−k(x),
where
a
(n)
2k =
(−aq2n−1; 1/q)2k
(q4n−2k−1; 1/q2)k
[
n
k
]
q2
,
a
(n)
2k+1 =(1 + a)
(−aq2n−1; 1/q)2k
(q4n−2k−1; 1/q2)k+1
[
n
k + 1
]
q2
(1− q2(k+1)).
Proof. Use induction on n and the three-term recurrence relation in Definition 2.1
twice. We must verify that
a
(n+1)
k =− a
2q2na
(n)
k−2 + a
(n)
k
+ (b2n−k+2 + b2n−k+1)a
(n)
k−1
+ (λ2n−k+3 + b
2
2n−k+2 + λ2n−k+2)a
(n)
k−2
+ (b2n−k+3λ2n−k+3 + λ2n−k+3b2n−k+2)a
(n)
k−3
+ λ2n−k+4λ2n−k+3a
(n)
k−4.
Since each of the terms is explicitly known, this tedious computation may be done
by hand or computer. 
Theorem 3.3. Cigler’s conjecture is true.
Proof. Proposition 3.2 shows that the first part of Proposition 3.1 holds,
L
(
n−1∏
i=0
(x2 − a2q2i)
)
= a
(n)
2n =
(−a; q)2n
(q; q2)n
.
For the second part of Proposition 3.1, we find the constant term in the expansion
of x
∏n−1
i=0 (x
2 − a2q2i). Using Definition 2.1 this is
L
(
x
n−1∏
i=0
(x2 − a2q2i)
)
=a
(n)
2n b0 + a
(n)
2n−1λ1
=
(−a; q)2n+1
(q; q2)n+1
.

The Hankel determinant of these moments [1, Conjecture 3.1 (3.4)] is thereby
evaluated.
4 D. STANTON
Corollary 3.4. The Hankel determinant is
det(Pi+j(a))0≤i,j≤n =
n∏
i=1
λn+1−ii .
where λi is given in Definition 2.1.
Additional sets of classical orthogonal polynomials as moments are given in [4],
[5] and [6].
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